Introduction
A squarefull number is a positive i n teger n such that if p is a prime dividing n, then p 2 divides n. Let Qx denote the number of n x which are squarefull. Then a result of contains no squarefull numbers. On the other hand, since there is a square in x; x + 2 p x + 1 for all x 0, it follows that there is a constant c 2 such that for every x 1, the interval x; x + c 2 x 1=2 contains a squarefull number. Thus, the order of the maximum size of gaps between squarefull numbers is known. However, a better understanding of the distribution of squarefull numbers in short intervals can still be obtained. The result of Bateman and Grosswald easily implies that 1 Qx + x 1=2+ , Qx 3=2 23 x provided 1=6 1 = 2. It is not too di cult to see that if 1 holds for some = 2 0; 1=2, then it holds for every xed 2 ; 1=2. Hence, we w ould like to determine the smallest value of 2 0; 1=2 for which 1 holds. It is likely that any 0 will do.
Values of 1 = 6 which h a v e been obtained include 0 We begin here with a slight reformulation of Heath-Brown's result in 4 . Although, we could proceed by using his results directly, we alter them slightly so as to give a n elementary argument of the main result in this paper so that, in particular, our results do not depend on the use of exponential sums. We shall refer to the result of Heath-Brown in 4 and to a result of Huxley in 5 , and note here that the arguments for both of these are obtained using elementary techniques. Lemma 1. Let To clarify the statement of Lemma 1 and the role of throughout the paper, we note that the uniformity condition on indicates that the implied constant in the displayed formula involving Sx is absolute provided x x 0 = x 0 ; . This formula is to hold for all with x , x x so that, for example, we will allow = , log log x= log x. The Before leaving this section, we note that it is possible to improve on the result of HeathBrown for gaps between squarefull numbers by combining the above estimate for S 1 x 3=13 with an estimate for S 2 x 3=13 obtainable through the use of exponential sums. Using the current theory of exponential sums to estimate S 2 x 3=13 , however, seems to lead to a weaker result than our Theorem.
The Use of Differences
We n o w use di erencing techniques to estimate S 2 . In fact, di erencing techniques were already used in our estimate of S 1 , as the result of Huxley that we used was based on di erences. Our approach here is motivated by the authors' own work in 2 and 3 .
Observe an inequality which holds for the range of and given in the lemma. Note that the above implies that at least one of every two consecutive di erences between elements of S must be x 7 ,1=6 . By considering every other element o f S rather than every element of S , w e m a y use that minfa; bg x 7 ,1=6 ; in other words, if necessary, w e m a y estimate instead of jS j the size of the set S 0 = fu 2 S : if u + a 2 S ; then a x 7 ,1=6 g for some appropriate 0 so that jS j 2 j S 0 j + 1 and we estimate jS 0 j by rede ning Ta; b in terms of S 0 rather than S . Now, suppose that there is a c such that u and u+c are in Ta; b Hence, the result follows.
